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Modern quantum theory is based on de Broglie’s relation between momentum and
wave-length. In this article we investigate certain inconsistencies in its formulation
and propose a reformulation to resolve them.
1 Inconsistencies in de Broglie’s relation
Edward MacKinnon made a critical analysis [1–3] of Louis
de Broglie’s doctoral thesis of 1924 [4]. With this thesis de
Broglieis creditedwithderivingthe ﬁrstrelationshipbetween
the momentum of a particle and its associated quantum wave-
length. MacKinnon’sdiscussiondrawssomeremarkablecon-
clusions. He points out that the most paradoxical feature of
de Broglie’s thesis is the fact that, although his fundamental
argument is essentially relativistic, the only successful appli-
cations of his ideas were essentially nonrelativistic. It is well
known that his relationship  = h=mv was applied to the Bohr
atom and later to the derivation of Schr¨ odinger’s equation,
both of which are strictly nonrelativistic models. What is not
so well known is that the arguments leading to  = h=mv are
very much relativistic. De Broglie’s problem was to ﬁnd the
relativistic transformation of
h0 = e m0c2; (1)
where the relativistic rest mass e m0 and the frequency 0 are
invariant.
His considerations led him to assign three dierent fre-
quencies to the same particle:
0 =
e m0c2
h
;
the internal frequency in the rest system;
1 =0
p
1   v2=c2 ;
the internal frequency as measured by an external observer
who sees the system moving with velocity v;
=
0 p
1   v2=c2
;
thefrequencythisobserverwouldassociatewiththeparticle’s
total energy.
MacKinnon further points out that de Broglie emphasized
the frequency associated with an electron, rather than the
wavelength. His wavelength-momentum relationship occurs
only once in the thesis, and then only as an approximate ex-
pression for the length of the stationary phase waves char-
acterizing a gas in equilibrium. Most of MacKinnon’s ar-
ticle is devoted to analyzing the reasons why de Broglie’s
formula proved successful, despite the underlying conceptual
confusion. He ﬁnally expresses amazement that this confu-
sion could apparently have gone unnoticed for ﬁfty years.
In addition to MacKinnon’s criticism, one can also have
doubts about some of the applications of de Broglie’s formula
in quantum mechanics, particularly to electron diraction. In
standard physics texts [5, p.567], in order to apply the de
Broglie relation, the following assumption is made
e E2 = jpj2c2 + e m2
0c4 ' jpj2c2: (2)
The notation is in accordance with previous articles by the
author in this journal [6,8].
From this equation the momentum of the electron is cal-
culated as jpj = e E=c, and from the de Broglie relation it fol-
lows that  = hc=e E.
Various explanations are given to support the approxi-
mation of (2). The most common is to assume that it is
allowed for e E e m0c2. Although this assumption satisﬁes
experiment, it is not mathematically or conceptually accept-
able. Electron diraction becomes measurable at high en-
ergies and velocities, where relativistic equations are appli-
cable. For these equations to be mathematically consistent
all terms must be retained, particularly those in the conser-
vation of energy equation. Another approach is to ignore
(2) and to apply a semi-nonrelativistic result, e E = p2=2e m or
T = p2=2e m [5, p.147], where e m = e m0 is the relativistic mass
of a particle and T is its kinetic energy. This is clearly unten-
able because of the high velocities.
Anotherjustiﬁcationfortheapproximationisthatitworks
for “experimental purposes” [9]. These assumptions might
not be serious to verify predictions expeerimentally, but in
the spirit of present attempts to formulate a quantum theory
of gravity, these assumptions warrants closer scrutiny.
The use of the above approximation is sometimes sub-
tle and not so apparent. In a popular textbook [10, Problem
12.10] the following equation is given for the conservation of
energy in Compton scattering:
hc

+ m0c2 =
hc
0 + mc2; (3)
where m0 and m are respectively the rest and ﬁnal mass of the
electron.
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The equation is inconsistent since wave and corpuscular
expressions are combined in one equation. The expression
hc= is simply a shortcut for
q
p2c2 + m2
0c4, where the rest
mass of the photon m0 is set to zero and de Broglie’s relation
is then applied to p. In general, the assumption of e m0 = 0 for
a photon has had an uneasy niche in theoretical physics [1].
In a previous paper [6] we presented a uniﬁed theory of
gravitation and electromagnetism. We show below that the
model of that theory resolves the inconsistencies discussed
above.
2 A scalar momentum
Intheaforementionedpaperthefollowingconservationofen-
ergy equation, derived in an earlier paper [7], was given for
the gravitational model:
E = m0c2 e2=c2
2 = total energy; (4)
where
 = gravitational potential;
m0 = gravitational rest mass of a test body
moving about a central mass M.
9
> > > > =
> > > > ;
(5)
We have generalized the exponential term in this paper to
a general potential  = Rc2=2r; where R = 2GM=c2 is the
Schwarzschild radius of the central body.
We now deﬁne a scalar momentum appropriate to our
model.
A constant P0 with dimensions of linear momentum can
be deﬁned in terms of the energy E as
P2
0 = m0E: (6)
Eq. (4) can then be written as
P0 =
m0c

exp

c2 ; (7)
or, if the mass constant m0 is not required in the energy equa-
tion, as
E =
P0c

exp

c2 ; (8)
= Pc exp

c2 ; (9)
where
P =
P0

: (10)
In reference [6] we found the following relationship be-
tween the gravitational and electromagnetic energies:
E = e E e=c2
; (11)
where e E = e mc2 is the energy function of Special Relativity.
Comparing (9) and (11) we get
e E = Pc: (12)
3 Derivation of de Broglie’s relation
3.1 Preliminaries
Using the relationship between frequency  and wave-
length ,
c =  = !; (13)
where
 =

2
=
c
2
=
c
!
; (14)
we rewrite (12) as
e E = P!: (15)
Since time does not appear explicitly in the above equa-
tion for e E, we can write down an equivalent Hamiltonian as
e H = P!: (16)
This form of the Hamiltonian resembles that of the sim-
ple harmonic oscillator, after a canonical transformation with
generating function F = (e m0=2)q2 cotQ, where q and Q are
the appropriate canonical variables. The signiﬁcance of this
transformation was ﬁrst pointed out by Max Born [11, x7].
Brieﬂy, it states that the Hamiltonian of a simple har-
monic oscillator, given by
e H =
p2
2e m0
+
e m0!2q2
2
; (17)
can, by a canonical transformation with the above generating
function, be expressed as
e H = !; (18)
where  = constant.
If our system behaves as an oscillator it follows from (16)
and (18) that
P = constant: (19)
This result prompts us to provisionally write the constant
in (19) as ~, Planck’s constant divided by 2. This step is
taken a priori, and its validity will depend on the overall con-
sistency of the subsequent results. Keeping this supposition
in mind, we rewrite (19) as
P = ~; (20)
and (15) as
e E = ~! = h: (21)
3.2 The photo-electric eect
Eq. (21), combined with e E = e mc2, gives the photo-electric
eect, e mc2 = ~! = h: Eq. (21) also conﬁrms the use of the
constant h in the expression for gravitational redshift,
E = e E exp
R
2r
= hexp
R
2r
: (22)
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Eq. (22) is signiﬁcant in that it contains both h and G in
one relation.
The results of (21) and (22) further conﬁrm the consis-
tency of the derivation of (20).
We emphasize that the !0, or !, used above is an inter-
nal property of the test particle; it is not its angular velocity
about a central body. We cannot say with certainty what the
internal physical structure of the test particle should be; only
that if some periodic mechanism exists with respect to the test
particle the frequency of that mechanism is controlled by the
above equations. This, for example, determines the gravita-
tional redshift. As a model for such a type of test particle we
shall simply refer to it as a virtual oscillator.
3.3 Derivation
From (14) and (20),
P =
h

: (23)
Although (23) is similar to the de Broglie relationship be-
tween momentum and wavelength, the momentum P is not
equal to the classical momentum,
p = e mv: (24)
Nevertheless, we shall see that (23) is consistent with the
application of the de Broglie relation, and actually resolves
some ambiguities in quantum mechanics [1].
3.4 The relationship between p and P
From (12) and e E = e mc2 we obtain
P = e mc: (25)
From this we can see that P = e E=c can be regarded as the
fourth component of the relativistic four-vector, pi:
pi =
0
B B B B @p;
e E
c
1
C C C C A ; i = 1;2;3;4; (26)
or
pi = (p;P); i = 1;2;3;4: (27)
To ﬁnd a direct relation between p and P we note from
(24) and (25) that
p =
Pv
c
or pc = Pv: (28)
The well-known expression of Special Relativity,
e E2 = p2c2 + e m2
0c4; (29)
can be rewritten, using (28), as
e E2 = P2v2 + e m2
0c4: (30)
Initially Finally
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Fig. 1: Compton scattering
4 Applications of de Broglie’s relation
The relation of (23), P = h=, is clearly dierent from the
conventional de Broglie relationship. This form is, however,
not in conﬂict with either theory or experiment, but actually
simpliﬁes the various formulations.
4.1 Compton scattering
For a photon, v = c, and it follows from (23) and (28) that
P = jpj =
h

: (31)
An advantage of (31) is that, when applied to Compton
scattering, it is not necessary to make the assumption e m0 = 0
in (29). It must also be noted that the assumption e m0 = 0 for a
photon is not required in our theory; only v = c. The paradox
of the photon rest mass is resolved in reference [6].
The Compton eect is described schematically in Fig. 1.
The equations below follow from this diagram.
Conservation of momentum:
p0 = p1 cos + pcos; (32)
p1 sin = psin: (33)
From (32) and (33),
p2 = p2
0 + p2
1   2p0 p1 cos; (34)
and applying (31) gives
p2 =
h2
2
0
+
h2
2
1
 
2h2 cos
01
: (35)
Since
e E2 = p2c2 + e m2
0c4;
it follows that
e E2
c2   e m2
0c2 =
h2
2
0
+
h2
2
1
 
2h2 cos
01
: (36)
Conservation of energy:
e E0 + e m0c2 = e E1 + e E ; (37)
Pieter Wagener. Resolving Inconsistencies in de Broglie’s Relation 17Volume 1 PROGRESS IN PHYSICS January, 2010
therefore
(e E   e m0c2)2 = e E2
0 + e E2
1   2 e E0 e E1 :
From (31) and rearranging,
e E2
c2 + e m2
0c2   2 e Ee m0 =
h2
2
0
+
h2
2
1
 
2h2
01
: (38)
Eq. (38) minus (36), and rearranging:
e m0c2   e E =  
h2(1   cos)
e m001
: (39)
Subsituting (12) and (31) in (39) gives
1   0 =
h(1   cos)
e m0c
; (40)
the standard formulation for Compton scattering.
4.2 Electron diraction
Another advantage of our formulation applies to electron dif-
fraction. From the results P = h= and e E = ~! it follows
directly that e E = Pc: This obviates the approximation used in
standard texts on electron diraction, i.e. e E2  p2c2.
5 Conclusion
The above derivation and formulation of de Broglie’s relation
resolves the inconsistencies in de Broglie’s original deriva-
tion. It also obviates the questionable approximations made
in Compton scattering and electron diraction.
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